REMARK. Lemma 1 is true even if R is not left perfect. LEMMA 
As a right S module, S is a direct summand ofR s . Let J(S) (respectively J(R)) denote the Jacobson radical of S (respectively of /?), then J(S) = SΠJ(R) and J(R) = J(S)R = RJ(S). Thus if M is a left
Proof Let Δ = Δ//(Δ) and R = R U(R). _ Because R is perfect, R is a semisimpje, Artinian ring, which makes Δ a semisimple, Artinian ring. Thus R is a finitely generated, projective Δ module. By the Dual Basis Lemma, there exists /,, ,/ n E Hom^(R,Ά) and Now R as a right S module is finitely generated and projective; moreover, Δ is isomorphic to End R s [2, p. 116 ]. Since 5 is a direct summand of R, as a right S module (Lemma 2) R is an S generator.
Let e U '" 9 e n be completely primitive idempotents orthogonal idempotents of 5 such that 1 = e } H V e n . Furthermore, let e u * * •> e k be a maximal family of mutually nonisomorphic idempotents. Then JR = R/J(S)R is isomorphic, as a right S module, Jo Σ? =1 + (e, 5) m , where e, = e t + J(S), S = S/J(S) and m, <o°, since R is finitely generated right 5 module. Thus R as a right 5 module, is isomorphic to Σf-iφΣ-ΐiΘflj, where P iy is right S isomorphic to e,S, since idempotents can be lifted.
Let fa be the projection of R onto P ih then f i} E End R s = Δ and the /i/'s are orthogonal idempotents such that 1 = Σ S U Also ftSe, = Endste S) = End s (^) = f i} Δ/ o , Since e { S^ is a local ring, /*, Δ/5/ is a local ring. Hence fj is a completely primitive idempotent; therefore Δ is semiperfect.
We know that Δ modulo its Jacobson radical, /(Δ), is semisimple and idempotents can be lifted modulo /(Δ). Let M be a left Δ module, by [ Proof. Let P be the Δ cover of M and /: P->M a minimal Δ epimorphism. Since M is S projective, / splits as an S epimorphism. Thus P as an 5 module is isomorphic to ker / -+-X, for some 5 submodule X of P. But / is a minimal 5 epimorphism (Proposition 3), therefore ker / = 0. So / is a Δ isomorphism and M is Δ projective. Proof. Let P be the Δ projective cover of M and / a minimal Δ epimorphism. Now / splits as an R map, and / is a minimal R epimorphism, so ker / = 0. Thus Proposition 6 implies i? g and Δ are isomorphic.
